Higher Order Conformal Invariance of String Backgrounds Obtained by
  O(d,d) Transformations by Panvel, J.
ar
X
iv
:h
ep
-th
/9
20
40
24
v1
  1
0 
A
pr
 1
99
2
LTH282
April 1992
HIGHER ORDER CONFORMAL INVARIANCE OF
STRING BACKGROUNDS OBTAINED
BY O(d,d) TRANSFORMATIONS
J. Panvel
DAMTP, University of Liverpool, Liverpool L69 3BX, UK
Abstract
Proposals that O(d, d) boosts of trivial backgrounds lead to non-trivial conformally
invariant backgrounds are checked to two loop order. We find that conformal invariance
can be achieved by adding simple higher order corrections to the metric and dilaton.
Recently the one-loop effective action for closed strings has been shown to be invariant
under an O(d, d) transformation[1], generalizing earlier results on scale-factor duality[2].
This leads to the exciting possibility that new, highly non-trivial conformally invariant
backgrounds may be generated from simpler conformally invariant backgrounds. The in-
variance of the one loop action guarantees that such nontrivial backgrounds will be con-
formally invariant up to one loop. However, the conformal invariance of the transformed
solution is not guaranteed at higher order (though all orders arguments based on string
field theory have been advanced in ref.[3]).
To show the conformal invariance of the σ-model it is only required to show the
vanishing of β¯gij and β¯
b
ij , which are functions closely related to the metric and antisymmetric
tensor β-functions. In this paper we take the non-trivial background constructed by an
O(d, d) transformation in ref.[4] and calculate its associated β-functions to two-loop order.
Although it is not found to be conformally invariant by itself, the changes to the metric
and dilaton required at two loops are simple enough to raise the hope that an exactly
conformally invariant solution may be explicitly constructed.
The O(d, d) invariance of the one-loop action was illustrated by Meissner and Venezi-
ano in ref.[1]. Their argument shows that starting from the usual low energy expansion of
the one-loop genus zero effective action for closed strings[5],
S(1) =
∫
ddx
√−g exp{φ}
(
Λ−R − gij∂iφ∂jφ− 1
12
HijkH
ijk
)
(1)
and assuming the metric and antisymmetric tensor fields gij and bij are functions of time
only, the action may be written in a form which is explicitly invariant under O(d, d)
transformations.
S(1) =
∫
dt exp{−Φ}
(
Λ+ (Φ˙)2 +
1
8
Tr[M˙ηM˙η]
)
(2)
General coordinate transformations together with bij → bij + ∂[iAj] always allow g and b
to be written as
g =
(−1 0
0 G(t)
)
b =
(
0 0
0 B(t)
)
(3)
The other symbols represent the 2d× 2d matrices[6]:
M =
(
g−1 −g−1b
bg−1 g − bg−1b
)
η =
(
0 1
1 0
)
Φ = φ− ln
√
det g
It is now easy to see that a transformation that sends Φ→ Φ, M → ΩMΩT , where Ω
is defined such that ΩT ηΩ = η, will leave the action unchanged, and that the matrices Ω
are members of the group O(d, d). This guarantees the one-loop conformal invariance of
any background created by an O(d, d) transformation from another conformally invariant
background.
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Taking a particularly simple exactly conformal background suggested as an example
by Gasperini, Maharana and Veneziano[4], we start with a flat metric and zero dilaton and
antisymmetric tensor:
g =

−1 0 00 b2t2 0
0 0 1

 b = 0 φ = const (taken =0) (5)
New metrics may now be generated using an O(d, d) transformation as above; however
it is found that backgrounds not related to the original in a trivial fashion only arise when
considering the “boost” subgroup of O(d, d) defined by the matrix
Ω(γ) =


1 + c˜ s˜ c˜− 1 −s˜
−s˜ 1− c˜ −s˜ 1 + c˜
c˜− 1 s˜ 1 + c˜ −s˜
s˜ 1 + c˜ s˜ 1− c˜

 (6)
where c˜ = cosh(γ), s˜ = sinh(γ) and 0 < γ < ∞. For convenience and compactness we
shall write all the following in terms of c = cosh(γ2 ) and s = sinh(
γ
2 ).
By calculatingM(γ) = ΩTMΩ we may read off a new, boosted metric g(γ), a non-zero
antisymmetric tensor b(γ) and dilaton φ:
g =


−1 0 0
0 cb
2t2+s2
s2b2t2+c2
cs(b2t2+1)
s2b2t2+c2
0 cs(b
2t2+1)
s2b2t2+c2 1

 b =


0 0 0
0 0 cs(b
2t2+1)
s2b2t2+c2
0 −cs(b
2t2+1)
s2b2t2+c2 0

 (7a)
φ = − ln
(
1 +
c2
s2
b2t2
)
(7b)
Now we shall consider the one-loop calculations of the metric and antisymmetric tensor
beta functions. As guaranteed by the O(d, d) invariance of S(1) in Eqs(1),(2), β¯
g(1)
ij and
β¯
b(1)
ij vanish to this order for the metric, antisymmetric tensor and dilaton given in Eqs(7).
However, to ensure the cancellation of the two-loop β-functions it is necessary to explore
the effect of higher order contributions to the metric and dilaton. In fact, it turns out that
the only changes necessary in Eqs(7) are to replace g00 by −eλ(t) and to allow for a higher
order modification to the dilaton.
Replacing g00 by −eλ(t) causes remarkably few changes to the original Christoffel
symbols. A new Γ000 =
1
2 λ˙ is introduced and Γ
0
11, Γ
0
12 are multiplied by e
−λ(t), while the
remainder are unchanged. The new Riemann tensor components, denoted by a tilde, also
have a simple form in terms of the original components and λ:
3
R˜1010 = R
1
010 +
1
2
λ˙Γ101
R˜0101 = e
−λ{R0101 − 1
2
λ˙Γ011}
R˜0102 = e
−λ{R0102 − 1
2
λ˙Γ210}
R˜2121 = e
−λR2121
(8)
Conformal invariance requires the functions β¯gij and β¯
b
ij to vanish. We find that this
uniquely determines λ and the higher order contribution to the dilaton δφ(t) up to two-
loop order. In terms of the actual renormalization group β-functions βgij and β
b
ij , potential
diffeomorphisms Wi and dilaton φ the functions β¯
g
ij , β¯
b
ij , and β¯
φ (which is the central
charge at the conformally invariant point) have the following forms[7-9]:
β¯
g
ij = β
g
ij +∇i∇jφ+∇(iWj)
β¯bij = β
b
ij +H
k
ij∇kφ+HkijWk
β¯φ = βφ − 1
2
∇kφ∇kφ+ 1
2
∇kφWk
(9)
(We set the string tension α′ = 1 throughout.) At one-loop order Wi is zero while at two
loops it may take nonzero values given by
W
(2)
j =
(
µ+
1
3
)
∂i(HklmH
klm) (10)
where µ corresponds to an ambiguity in the definition of the dilaton. Here for convenience
we choose µ = −13 and hence Wi = 0; however any choice of µ would yield equivalent
results.
The vanishing of the metric and antisymmetric tensor β¯-functions guarantee that β¯φ
is a constant[9-11] (in our case it is found to be zero) so we shall first evaluate β¯gij and
β¯bij to one loop order using the metric, antisymmetric tensor and dilaton together with
the higher order corrections, g00 → −eλ(t) and φ → φ + δφ. The one-loop β¯ functions in
Eqs(9) are given by[12-14]:
β¯
g(1)
ij = Rij −HiklHjkl + α′∇i∇jφ
β¯
b(1)
ij = −∇kHkij + α′Hkij∇kφ
(11)
Due to the O(d, d) invariance of S(1), when we substitute the explicit forms of the
background fields into Eq.(11) all 1st order terms cancel; however the corrections produce
higher order terms proportional to λ or δφ which can be arranged to cancel the nonzero
functions β¯
g(2)
ij and β¯
b(2)
ij .
It is found to 2nd order (ie taking e−λ = 1 and neglecting all products of λ and δφ)
using Eq.(8) that the β¯-functions in Eq.(11) take the explicit form:
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β¯
g(1)
00 =
1
2
λ˙(Γ110 + Γ
2
20 − φ˙)− δφ¨ =
1
2t
λ˙+ δφ¨
β¯
g(1)
11 = −Γ011
(
1
2
λ˙+ δφ˙
)
e−λ
β¯
g(1)
12 = −Γ012
(
1
2
λ˙+ δφ˙
)
e−λ
β¯
g(1)
22 = 0
(12)
It is interesting to note that neither the proposed change in g nor φ may produce
any cancellation of a non-zero β
g(2)
22 term. We shall see that this corresponds to fixing
the choice of renormalization scheme used to evaluate β
g(2)
ij . Similarly the higher order
corrections to g and φ give rise to non-zero components in the one-loop antisymmetric
tensor β¯-function which provides the cancellation required by β¯
b(2)
ij .
β¯
b(1)
12 = Γ
0
12
(
1
2
λ˙+ δφ˙
)
e−λ (13)
The forms of the two loop metric and antisymmetric tensor β-functions are consider-
ably more complex and their calculation was greatly simplified by use of programs written
in REDUCE, while analytic checks were made on the consistency of the results. At two
loop order the metric and antisymmetric tensor β functions may be written[12,15]:
β
g(2)
ij (λ) =
1
2
RiklmRj
klm +
1
6
∇iHklm∇jHklm
+
(
1
2
− ρ
)
∇kHilm∇kHj lm + ρRkijlHkmnH lmn
+ (6− 4ρ)RklmiHjnkH lmn + 2(ρ− 1)RklmnHikmHjln
+HklmHn
lmHkipHj
pn +HiklHjmnHp
kmHpln
β
b(2)
ij (λ) =− 2Rklmi∇lHjkm +∇k
(
HilmHj
ln
)
Hn
km
− 2(ρ− 1)∇k
(
Hn
lmHlmi
)
Hj
nk + ρ∇kHijnHklmHnlm
(14)
where ρ parametrises renormalization scheme ambiguity.
It is only required to evaluate these using the original metric, antisymmetric tensor
and dilaton in Eqs(7) as the higher order corrections would produce terms of order ≥ 3.
It must be shown that there exists some choice of λ and δφ for which the sums
β¯
g(1)
ij + β¯
g(2)
ij and β¯
b(1)
ij + β¯
b(2)
ij vanish. Since no change can be made to β
g(2)
22 by β
g(1)
11 ,
it is a prerequisite that β
g(2)
22 must itself be zero and indeed it is found that this term is
proportional to (ρ− 1).
β
g(2)
22 = −
16c2s4b4(ρ− 1)
(s2b2t2 + c2)4
(s2b2t2 − c2) (15)
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This fixes our choice of ρ, removing the renormalization scheme ambiguity present in
the calculation of the two loop functions. Choosing ρ = 1 allows the remaining components
of β
g(2)
ij and β
b(2)
ij to be written in a compact form:
β
g(2)
00 = −
4s6b6t2
(s2b2t2 + c2)3
β
g(2)
11 = −Γ011
4s6b6t3
(s2b2t2 + c2)3
β
g(2)
12 = −Γ012
4s6b6t3
(s2b2t2 + c2)3
β
b(2)
12 = Γ
0
12
4s6b6t3
(s2b2t2 + c2)3
(16)
All other components are either identically zero term by term or are trivially related to
the above by symmetry. Comparison of Eqs(12),(13),(16) shows a remarkable uniformity
amongst the two-loop components β¯
g(2)
11 , β¯
g(2)
12 , β¯
b(2)
12 , and the corresponding β¯
g(1)
ij , β¯
b(1)
ij .
As a consequence β¯
g(1)
ij + β¯
g(2)
ij and β¯
b(1)
ij + β¯
b(2)
ij can be arranged to vanish by imposing
only two constraints:
1
2
λ˙+ tδφ¨ =
4s6b6t3
(s2b2t2 + c2)3
1
2
λ˙+ δφ˙ = − 4s
6b6t3
(s2b2t2 + c2)3
(17)
Solving for a second order ODE in δφ immediately gives δφ˙ and hence λ˙. These may
again be integrated analytically giving δφ and λ uniquely up to constants. The results are
as follows:
δφ˙ =
−2s4b4t
(s2b2t2 + c2)2
λ˙ = −4s
4b4t(s2b2t2 − c2)
(s2b2t2 + c2)3
δφ =
s2b2
(s2b2t2 + c2)
λ =
2(s4b4t2)
(s2b2t2 + c2)2
(18)
Although the dilaton β¯-function is now guaranteed to be a constant it is a useful check
on consistency to be sure that this is indeed so. It is also a worthwhile exercise as the value
of the dilaton β¯-function relates to the conformal charge contributed by the three fields
(t, x1, x2) considered. The general form of the dilaton β-function at one and two loops is
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given by[7,9,11,16]:
βφ(1) =
1
3
HklmH
klm +
1
2
∇2φ
βφ(2) =− 1
8
RklmnR
klmn +
1
2
(5 + 12µ)RklmnHp
lnHpkm
−
(
1
6
+ µ
)
∇kHlmn∇kH lmn +
(
1
4
+ ρ+ 3µ
)
HkmnHl
mnHkpqH lpq
− 5
12
HklmH
k
npHq
lnHqmp − 1
2
∇k∇lφHkmnH lmn
(19)
As discussed earlier we take for convenience µ = −1
3
(so that W
(2)
i = 0 ) and we
must also take ρ = 1 to ensure that β
g(2)
22 vanishes. With these values for µ and ρ, and
with the background of Eqs(7) together with the corrections to g00 and φ, we find from
Eqs(7),(9),(19), that the β¯φ(1) and β¯φ(2) reduce to:
β¯φ(1) = − δφ¨
2eλ
− δφ˙(3s
2b2t2 + c2) + s2b2t2λ˙}
2eλ(s2b2t2 + c2)t
β¯φ(2) = −s
4b4
(
2s4b4t4 + 2c4
)
(s2b2t2 + c2)4
(20)
so that with δφ˙ and λ˙ as given by Eq.(18), β¯φ(1) + β¯φ(2) vanishes to this order. Hence
the contribution to the central charge from the (t, x1, x2) sector of the theory is zero, and
this seems likely to persist to all orders. (Of course additional free fields can be added to
ensure the correct critical value of the central charge.)
We have shown that although the one-loop beta functions for a boosted metric vanish,
at two-loops simple corrections to the metric and dilaton are required to preserve conformal
invariance. This is analogous to results found by Tseytlin[17] in the context of conventional
duality.
Sen[3] argues, using string field theory that the O(d, d) invariance should persist to
all orders in perturbation theory. He suggests that the transformed metric, dilaton and
antisymmetric tensor might require corrections at a higher order, which he speculates
might be expressible in terms of covariant quantities, e.g. δgij ∝ Rij . The corrections
we have found do not appear to be of this form, which raises doubts as to whether the
O(d, d) invariance is exactly preserved at higher orders. Nevertheless the corrections we
have found at two loops are sufficiently simple to suggest that there may be an explicit
modified version of the transformed solution which is conformally invariant to all orders
in perturbation theory. In another recent paper[18] Sen shows how to construct solutions
with torsion by acting with O(d, d) transformations on the 2-d string black hole solution
of Witten[19]. Based on the results we have found here, we speculate that again simple
modifications might suffice to render such solutions valid at two loops and higher.
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